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OO . Abstract. We define the induction and restriction functors for cyclotomic q- 

' Schur algebras, and study some properties of them. As an application, we cat- 

egorify a higher level Fock space by using the module categories of cyclotomic 
f-H ' g-Schur algebras. 



0. Introduction 



Let J^n,r be the Ariki-Koike algebra associated to the complex reflection group 
&n x (Z/rZ)" over a commutative ring R. Let ^n,r be the cyclotomic g-Schur 
algebra associated to J^n,r- It is known that S^n,r -'o^od is a highest weight cover 
^ ! of J^ri,r-^od in the sense of [Rl] when i? is a fleld. In [Rl], Rouquier proved 

\Q \ that ^n r-mod is equivalent to the category O of the rational Cherednik algebra 

O ■ associated to ix (Z/rZ)" as the highest weight covers of .^^^-mod when R = C 

with some special parameters. 
^ ! On the other hand, in [BE], Bezrukavnikov and Etingof deflned the parabolic 

induction and restriction functors for rational Cherednik algebras. By using these 
functors, Shan has categorifled a higher level Fock space by using the categories O 
of rational Cherednik algebras in [S]. 
^ i In this paper, we deflne the induction and restriction functors for cyclotomic 

^ I g-Schur algebras, and study some properties of them. In §1, we review some known 

results for cyclotomic g-Schur algebras. In §2, we deflne the injective homomorphism 
of algebras t : ^n^r -^n+i,r- This injection carries the unit element of J>^n,r to a 
certain idempotent ^ of yn+i,r- Thus, we can regard J>^n+i,r^ (resp. ^.^n+i^r) as an 
^„,r)-bimodule (resp. (^^^j., .5^„+i^r)-bimodule) by multiplications through 
the injection l. By using these bimodules, we deflne the restriction functor from 
^n+i^r-niod to ^n^r-niod by Res^"*"^ := }iomy^^-^^{S^n+i,r^,'^), and deflne the in- 
duction functors from ^^^r-mod to y'n+i^r-'^od by Ind""*"^ := ^n+i,rC®^n,r'^ and 
colnd^"*"^ := Homj^^^(^^„_i_i ?)• In §3, we study the standard (Weyl) and costan- 
dard modules of cyclotomic g-Schur algebras applying the functors Res^'''\ Ind^"*"^ 
and colnd^"^^. In Theorem 3.4, we prove that the restricted and induced standard 
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(resp. costandard) modules have filtrations whose successive quotients are isomor- 
phic to standard (resp. costandard) modules. In §4, we study some properties of our 
functors. In particular, we prove the isomorphism of functors Ind^^^ = colnd^"*"^ 
(Theorem 4.14 ). Then, we see that Res^"*"^ is left and right adjoint to Ind^'''\ and 
both functors are exact. Moreover, these functors commute with the dual functors 
and Schur functors (Corollary 4.15). In §5, by using the projections to blocks of 
cyclotomic g-Schur algebras, we refine the induction and restriction functors. As an 
application, we categorify a level r Fock space by using ®„>o =^n,r -mod with (re- 
fined) induction and restriction functors (Corollary 5.7) *. In §6, we prove that our 
induction and restriction functors are isomorphic to the corresponding parabolic in- 
duction and restriction functors for rational Cherednik algebras given in [BE] when 
module categories of cyclotomic g-Schur algebras are equivalent to categories O of 
rational Cherednik algebras as highest weight covers of module categories of Ariki- 
Koike algebras (Theorem 6.3). 

Notation and conventions: For an algebra ^ over a commutative ring R, let 
-mod be the category of finitely generated left =e/-modules, and Kq{£^ -mod) be 
the Grothendieck group of -mod. For M e -mod, we denote by [M] the image 
of M in Ko{^-mod). 

Let Q : £^ ^ ^ be an algebra anti-automorphism. For a left =2/-module M, 
put M® = Homij(M, i?), and we define the left action of on M® by (a ■ v')(m) = 
ip{6{a) ■ m) for a G =2/, (p G M®, m G M. Then we have the contravariant functor 
® : -mod — >■ ^ -mod such that M ^ M®. Throughout this paper, we use 
the same symbol ® for contravariant functors defined in the above associated with 
several algebras since there is no risk to confuse. 



§ 1. Review of cyclotomic ^-Schur algebras 

In this section, we recall the definition and some fundamental properties of the 
cyclotomic g-Schur algebra S^n.r introduced in [DJM], and we review a presentation 
of S^n,r by generators and defining relations given in [W]. 

1.1. Let i? be a commutative ring, and we take parameters q,Qi, . . . ,Qr G R such 
that q is invertible in R. The Ariki-Koike algebra RJ^n,r associated to the complex 
reflection group 6„ K (Z/rZ)" is the associative algebra with 1 over R generated by 
To, Ti, . . . , Tn-i with the following deflning relations: 

(To-gi)(To-Q2)...(To-g,) = 0, 

(T,-g)(T, + g-i) = (l<^<r^-l), 
ToTiToTi = TiToTiTo, 

TiTi+iTi = Ti+iTiTi+i {l<i<n-2), 

TiTj = TjT, {\i-j\>2). 



*Recently, in [SW], Stroppel and Webster gave a categorification of a Fock space by using a 
quiver Schur algebra, but our methods are totally different from theirs. 
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The subalgebra of R^n,r generated by Ti, . . . , T„_i is isomorphic to the Iwahori- 
Hecke algebra of the symmetric group (3„ of degree n. For w G we denote 
by ^{w) the length of and denote by the standard basis of corresponding 
to w. Let * : RJfn^r R'^n,r {h 1-^ h*) be the anti-isomorphism given by T* = 
for i = 0, 1, . . . , n — 1. 

1.2. Let m = (mi,...,m,.) e Z^q be an r-tuple of positive integers such that 
ruk > n for any k = 1, . . . ,r. Put 



yl„,.(m) = <'/x=(/x«,...,/xM) 



Er sr^ruk (k) _ 
k=l Z^i=l f^i ~ 



n 



We denote by = Y^i^ifJ'i'^ (resp. = Xlfc=i l/^*"'^''!) ^^e size of /i'-'^-* (resp. the 

size of /x), and call an element of A^^ri''^) an r-composition of size n. Put 

= {A e AnA^i) I > A?) > • • • > Ag for any ^ = 1, . . . ,r}. 

Then is the set of r-partitions of size n. 

1.3. For i — 1, . . . , n, put Li = Tq and Lj = T'j_iLj_iTj_i. For // e Put 



we6u fe=l i=l 



where is the Young subgroup of ©„ with respect to (i, and = Yl'j=i \(^^''^\ with 
oi = 0. The cyclotomic g-Schur algebra R=5^n,r associated to RJ^n,r is defined by 



Remark 1.4. Let m = {rhi, . . . ,mj.) G Z!^g be such that nik > n for any A; = 
1, . . . , r. Then it is known that i^^„^r(^n,r(m)) is Morita equivalent to K^„^j.(^n,r(in)) 
when i? is a field. 

1.5. In order to describe a presentation of RS^n,r, we prepare some notation. 

Put m — ^fc=i"Xfc, and let P = 0™ i Ze^ be the weight lattice of gl^. Set 
ai — Si — Ei+i for i = 1 , . . . , m — 1, then U — {ai 1 1 < i < m — 1} is the set of simple 
roots, and Q = 0.-"7^ Za^ is the root lattice of q[„^. Put = ^™L[^ Z>o cii. We 
define a partial order " > " on P, so called dominance order, byA>|UifA — /xG Q"*". 

Put r{m) = {{i,k) I 1 < i < rrik, I < k < r}, and r"(m) = r{m) \ {{mr,r)}. 
We identify the set -r(m) with the set {1, . . . , m} by the bijection 

k-l 

r(m) — )■ {1, . . . , m} such that {i, k) h-)- ^ + i. 
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Under this identification, we have 

m 

i=i (i,fe)er(m) 

m— 1 

j=l (i,A;)er'(m) 

Then we regard yl„_r(m) as a subset of P by the injective map 

(i,fe)- 



yl„^r(m) — )■ P such that A ^f^^(i 



(j,fc)Gr(m) 

For convenience, we consider (m^ + 1,/:;) = {l^k + 1) for {mk,k) £ P'(iii) (resp. 
(1 - 1, A;) = (mfc_i. A; - 1) for (1, k) e P(m) \ {(1, 1)}). 

For i — 1, ... ,n — 1, let Si — + 1) e 6„ be the adjacent transposition. For 
Ijl e An^r{m) and {i,k) e P'(in), put 

T^M+«(i,fc) _ r-1 T 
— Sjv, SnSn-1, ■ ■ ■ , SnSn-1 ■ ■ ■ 

-vAM-"(i,/c) ri -1 

Aj^ — Sn, SnSn+1, ■ ■ ■ , SnSn+1 ■ ■ ■ Sj^_^_nW^_iS: 

where N = ^fj/ + and put /xj^^+i = if i = mu- 

For (i. A;) e P'(m), we define the elements , P(i,fe) G i?=^n,r by 

(1.5.1) 

rg-M^t'i+i(^ ^ q'(^)T:y^^^.^^m, ■ h if + e ^,.(m), 
[O if // + Q;(i,fe) ^ yl„,^(m), 

(1.5.2) 

r g-^f '+1 ^ g^(^)T;)m^ • /i if - e /ln,.(m), 
i^(i,fc)(m^-^) = < j/ex;""(*'« 

[o if /X - Q;(j,fc) ^ yl„,r(m) 



for /X G yl„,r(m) and G RJ^n,r-, where h'^^^^ = 

For A G An^ri^), we define the element 1a G R^n,r by 

lx{m^ ■ h) = Sx^^mx ■ h 



1 (i 7^ ruk), 



for /i G yl„,r(ni) and /i G R'!^n,r- From this definition, we see that {1a | A G /l„,r(m)} 
is a set of pairwise orthogonal idempotents, and we have 1 = ^Ae/inr(m) Ia- 
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A 

{i,k) 



For A e 7l„^j.(m) and (i, k) e r{m), we define a}- e jj^n,r by 



))-h ifAfVo, 



'JV+AJ' 

if Ar' = 



for fi e An,r{ni) and h e r^,^, where TV = Ylti \^^^^\+Tfj~=\ ^ For (i, k) e r(m), 
put 

Agyl„,,.(m) 

then a^i^k) is a Jucys-Murphy element of ij=5^,r (See [M2] for properties of Jucys- 
Murphy elements). 

1.6. We need some non-commutative polynomials to described a presentation of 
R^n,r as follows. Put A = Z[q, q~^, Qi, . . . , Qr]. where q, Qi, . . . ,Qr are indetermi- 
nate over Z, and let /C = Q(g, Qi, . . . , Qr) be the quotient field of A. 

Let /C(x) (resp. /C(y)) be the non-commutative polynomial ring over /C with in- 
determinate variables x = {x{i^k) I {h k) G r"(m)} (resp. y = {y(i,k) I (^) ^) ^ ^\™)})- 
For (?(x) G /C(x) (resp. g{y) G /C(y)), let 5'(-F) (resp. g{E)) be the element of ;c^n,r 
obtained by replacing X(^i^k) (resp. y(i,fc)) with -^(i,^) (resp. -F(i,fc)). Moreover, for 
^(x, y) = E,- ^j^7(x) ® <7/(y) G /C(x) /C(y) (r^ G /C), put 

g(F,E) ^Yl^jg~(F)gl(E) G x:^^^.,.. 
Then we have the following lemma. 

Lemma 1.7 ([W, Lemma 7.2]). For A G ylri,r(m) cind {i, k) G -r(m), there exists a 
(non- commutative) polynomial g^^^ ^.^(x, y) G /C(x) (g)x: /C(y) such that 

(1-7.1) 4,) = 4,,)(F,£;)1, 

We remark that a polynomial g^^ ^-,(x, y) G /C(x) ®^/C(y) satisfying (1.7.1) is not 
unique in general. Then we take and fix a polynomial g^.j^^{x,y) G /C(x) /C(y) 
(A G yl„,r(m), (^,^) G r{m)) satisfying (1.7.1) when we describe a presentation of 

For an integer /c G Z, put [A;] = {q'^ — q~^)/{q — q~^)- For a positive integer 
t G Z>o, put [t]\ = [t][t-l]... [1] and set [0]! = 1. 

Now we can describe a presentation of cyclotomic g-Schur algebras as follows. 

Theorem 1.8 ([W, Theorem 7.16]). iC'^n,r is the associative algebra over K. gen- 
erated by iihk) G r'{m)), 1^ (A G yl„^j.(m)) with the following defining 
relations: 

(1.8.1) IaV^VIa, E 1a = 1, 

AeVln,r(in) 
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(1.8.2) 

(1.8.3) 

(1.8.4) 

(1.8.5) 
(1.8.6) 



lA-^(i,fc) 



otherwise, 

lA-a(i,;t)-^(i,fc) A - a(i,fe) e yln,r(m), 

otherwise, 

-£^(i,fe)lA-a(i,fc) A - Q;(i,fe) e yl„,r(m), 

otherwise, 

-^(i,fe)lA+a(i,fc) A + Q;(i,fc) e yl„,r(m), 

otherwise. 



F{j,i)E{i,k) 



5, 



(j,fc),(i,0 



where 

(1.8.7) 
(1.8.8) 



= < 



ifi ^ ruk. 



[ V-^-^i {q-'gl,,,){F,E)-qgl,^,^,^{F,E))]l, z/. 



-E^(i±i,fe)(-E'(i,fc))^ - (? + ? ^)E{i^k)E{i±i^k)E{i^k) + (-E'(i,fe))^-E'(i±i,fc) = 0, 
E[i,k)E^j,i) = E^jj)E(^i^k) (I (i, A:) - (j, 1 > 2), 

-^(i±i,fc)(-^(i,fc))^ — (? + Q~^)F{i,k)F{i±i^k)F{i,k) + (-^(i,fc))^-^(j±i,fc) = 0, 



F(i,k)F(j^i) 



F{j,i)F{.,,k) 



where {i, k) - {j, I) = (ELi ma + i)- (ELi "^fe + i) for (i, k), {j, I) E r'(m). 

Moreover, j\,S^n,r is isomorphic to the A-subalgebra of fc^n,r generated by Ej^- 
F(ik)/W- ((^'^) ^ F'{m), / > l), 1a (A G /l„^r(m)). Then we can obtain the cy- 
clotomic q-Schur algebra RS^n,r over R as the specialized algebra R ®^ A'^n,r of 

1.9. Weyl modules (see [W] for more details). Let A'^nr (resp. be the 

subalgcbra of A'^n.r generated by Ej^- i^-^/[l]\ (resp. Fj^- / [l]\) for {i,k) G r'{m) and 
/ > 1. Let A'^n,r tie the subalgebra of A'^n,r generated by 1a for A G /l„,r(m). 
Then ^^n,r has the triangular decomposition ji,5^n,r = A'^n,r A'^n,r A'^n,r by [W, 
Proposition 3.2, Theorem 4.12, Theorem 5.6, Proposition 6.4, Proposition 7.7 and 
Theorem 7.16] . We denote by A'^n^ the subalgebra of _A'^n,r generated by A'^n,r 
and A'^n,r- 

Note that R,5^n.r is the specialized algebra R®j^ A'^n,r- We denote by Ef^^^-^ (resp. 
(i,fe)' 



{\{i,k)-{j,l)\>2). 



-.1-1 



\i,k) 



1; 



the elements 1 ® E\^^^^/\l]\ (resp. 1 ® F[^ ,^^/[l]\, 1 ® 1a) of R A-^n,-, 



Then RS^n,r also has the triangular decomposition 

cfi cfi- cfiO cfi+ 

R'^n,r— R'^ n,r R'^ n.r R'^ n,r 
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which comes from the triangular decomposition of j^5^n,r- 

For A e yl+j., we define the one-dimensional ^^^-^-module ©a = -R^a by 

■ = ((i,/c) e r(m),/ > 1) and \^-v^ = Sx,^vx (/i G /l„,.(m)). Then 
the Weyl module ijA„(A) of is defined as the induced module of ©a- 

R^nW = R'^n,r ®^<^>o ©A- 

See also [W, paragraph 3.3 and Theorem 3.4] for definitions of rA„(A). 

It is known that c^n.r is semi-simple, and that {x;A„(A) | A G A'^^} gives a 
complete set of pairwise non-isomorphic (left) simple yc-5^n,r-Kiodules. 

1.10. Highest weight modules. Let M be an ^.-module. We say that an element 
m G M is a primitive vector if ■ m = for any (i, k) G r"(m) and / > 1, and 
say that m G Af is a weight vector of weight // if 1^ ■ m = m for /i G yl„^r(iii)- If 
G M is a primitive and a weight vector of weight A, we say that xx is a highest 
weight vector of weight A. If M is generated by a highest weight vector G M of 
weight A as an R^n^^-module, we say that M is a highest weight module of highest 
weight A. It is clear that the Weyl module rA„(A) (A G A^^) is a highest weight 
module. Moreover, we have the following universality of the Weyl modules. 

Lemma 1.11. Let M be an iiS^n,r-'<^odule. If M is a highest weight module of 
highest weight X, there exists a surjective B.'^n,r-homomorphism i?A„(A) M such 
that l®v\^xx, where x\ is a highest weight vector of M . 

Proof. Let xa G M be a highest weight vector of weight A. Then we can define 
the well-defined i^^^°-balanced map R.yn.r x ©^ — )■ M such that (s,t'A) ^ s ■ x\. 
This implies the ^5^^ r-homomorphism /^^„ ^ ® c^>o Q\ ^ M such that s (S> vx ^ 

' ' R'^ n,r 

s ■ Xx- Since M is generated by xx as an ^^=5^ ,.-module, this homomorphism is 
surjective. □ 



1.12. In [DJM], it was proven that RJ^n,r (resp. R=5^n,r) is a cellular algebra by 
using combinatorial arguments. We will use such structures and combinatorics in 
the later arguments. So, we review some of them (see [DJM] for details). 
For ij, G ylH,r(m), the diagram [p] of ii is the set 

[fj] = k)eZ^\l<i<mk,l<j< iif \ l<k<r}. 

For A G A'^^^ and x G Z>o x Z>o x {1, . . . ,r}, we say that x is a removable node 
(resp. an addable node) of A if [A] \ [x] (resp. [A] U {x}) is the diagram of a 
certain r-partition // G A'^_^ ^ (resp. // G A^^^ In such case, we denote the above 
/i G r (resp. ji G ^^+1 r) by A \ X (resp. A U x), namely [A \ x] = [A] \ {x} (resp. 
[AU,t] ='[A] U{,t}). 

We define the partial order 'V" on Z>o x Z>o x {1, • • • , by 



(i, j, k) >- k') \ik < k', or if A; = k' and i < i'. 



8 Kentaro Wada 

We also define a partial order ">:" on Z>o x {1, . . . , r} by 

{i,k) >- {if,k') if {i,l,k) >- 
For A e a standard tableau t of shape A is a bijection 

t:[A]^{l,2,...,n} 
satisfying the following two conditions: 

(i) t{{t,j,k))<t{{t,j + l,k)) if {t,j + i,k) e [A], 

(ii) t{{ij,k)) < t{{i + lj,k)) if {i + lj,k) e [A]. 

We denote by Std(A) the set of standard tableaux of shape A. 

For fjL e yl„^j.(m), we define the bijection : [//] — > {1, 2, . . . , n} as 

c=l a 

It is clear that e Std(A) for A G For t e Std(A), we define d{i) e Sn as 
i{{i,j,k))^dm\i,j,k)) {{i,j,k)e[X]). 

For A e yl+r and s, t G Std(A), set m^t = T^^^^mxTd(i) G RJifn,r- Then we have the 
following theorem. 

Theorem 1.13 ([DJM, Theorem 3.26]). RJ^n,r is a cellular algebra with a cellular 
basis {nisi |5,t G Std(A) for some A G A^^} with respect to the poset {A^^., >). In 
particular, we have m*^ — mtg. 

1.14. For A G ^1+^ and G yl„,r(in), a tableau of shape A with weight is a map 
T : [A] ^ {{a, c) e Z x Z\ a > 1,1 < c < r} 

such that //f^ = ^{x G [A] \T{x) = {t,k)}. We define the order on Z x Z by 
(a, c) > (a', c') either if c > c', or if c = c' and a > a'. For a tableau T of shape A 
with weight /i, we say that T is semi-standard if T satisfies the following conditions: 

(i) If T{{i,j, k)) = (a, c), then k < c, 

(ii) T{{t,j, k)) < T{{t,j + 1, k)) if J + 1, A;) G [A], 

(iii) T{{t,j,k))<T{{t + l,j,k)) if (2 + 1, J, A;) G [A]. 

For A G A^j. and /i G yl„^r(m)) we denote by %{X, /i) the set of semi-standard 
tableaux of shape A with weight /i. Put 7o(A) = U/^e/i„r(m) '7o(A,/i). 

For A G yl^^, let be the tableau of shape A with weight A such that 



T\{iJ,k))^{i,k). 



Induction and Restriction Functors for Cyclotomic g-Schur Algebras 9 

It is clear that is semi-standard, and it is the unique semi-standard tableau of 
shape A with weight A. Namely, wc have 7o(A, A) = {T^}- 

For t G Std(A) (A e ^n,r) ^^ ^ ^n,r, we define the tableau //(t) of shape A 
with weight n by 

/^(t)((^,J,^)) = (a,c), if ^"((0,6,0)) = i{{i,j,k)) for some h. 
For S e 7o(A,/x), T e 7o(A, i/) (A e e An,r{m)), put 

s,tsStd(A) 
M(«)=S,..(t)=T 

and define the element ipsr G R=^n,r by 
Then we have the following theorem. 

Theorem 1.15 ([DJM, Theorem 6.6]). R=5^n,r ^5 a cellular algebra with a cellular 
basis {ipst\S,T e 7o(A) for some X e ^^r} ^^^^ respect to the poset (yl+^,>). 
/n particular, there exists an anti- automorphism 9,^ '■ R-5^n,r R'^n,r such that 
(^ni^sr) = ^TS- Moreover, R^n,r is a quasi-hereditary algebra when R is a field. 

For the anti-automorphism On of R=5^n,r, we have the following lemma. 

Lemma 1.16. For ji e yl„,r(m); {hk) e -^'(m) and I >1, we have that 
(1.16.1) ^^„(V) = 1^, 

(1-16.2) ^„(£;« )i,) = </-^^'-^^^%Fl}j,^, 

(1.16.3) ^n(l.iti))=?-'-^'^'^^--^')4;.)l.. 

Proof. Note that 6'„ on ^=5^n,r is the restriction to ^=5^„,r of 9n on !c^n,r, and it is 
enough to show the case where R — K. hy using the argument of specialization. 
Moreover, it is enough to show the case where I — 1 since we can obtain the state- 
ments for Z > 2 by the inductive arguments thanks to the equation 

^"(-^(IVm) = ^n(l/W(^(tfcJ^lM+"(i,fc))(%fc)lM)) 
= 1/ [l]en{E^i^k) '^^c)On (-^(J,jfc) ^ l/"+a(i,fc) ) " 

From the definitions, we see that 1a = V^t^t^; and we obtain ^^(Ia) = 1a. By 
[W, paragraphs 5.5, 6.2, and Lemma 6.10], we see that 
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Combining with [DJM, Proposition 6.9 and Lemma 6.10], we have that 

6'„(£'(j,fc)l/i)(m^+a(i,fc)) = (^(j,fc)(m^))* 

(fc) (k) , , 

and 9n{E(i^^-^l^){mT) — unless r = + Q;(j^fe). Thus, we have that 

Now we proved (1.16.2), and, by applying On to the equation (1.16.2), we obtain 
(1.16.3). □ 

1.17. Prom the definitions, we have that 

(1.17.1) It^ts = Si^,T^TS and ^PtsK = 5u,t^ts 

for T G 7^(A,/i), S G %{\ v) (sec [DJM]). 

Por A G ^^^j., let ij=5^n,r(> A) be the i?-submodule of RS^n,r spanned by 

{if ST I '5, T G 7^)(A') for some A' G yl+^ such that A' > A}, 

and rW{\) be the i?-submodule of RS^n,rl R'^n,r{> A) spanned by 

Then, thanks to the general theory of cellular algebras, RS^n,r{> A) turns out to 
be a two-sided ideal of R,^n.r^ and rW{X) turns out to be an R^^^r-submodule 
of R^n^rl R'^n,r{> A) whosc actiou comcs from the multiplication of Ro$^n,r- Put 
<Pt — (fiTT^^ + R'^n,r{> A) for T G 7o(A), then {(pr \ T e To (A)} gives an i?-free basis 
of rW{X), and it is known that rW{X) is generated by (pj-x as an i^=5^„_r-inodule. 

Lemma 1.18. For each A G A^^, there exists the R^n,r-'isomorphism 

ijA„(A) rW{X) such that 1 <^vx^ (fT>^. 

Proof. Prom the definition of semi-standard tableaux, we see that A > /xif7o(A,/x) 7^ 0. 
Thus, we have that 1^ • rW{X) — unless X> ji. On the other hand, we have that 

for (i, k) G r"(m) and I > 1. Note that A + / • Q;(j^fe) > A, these imply that 
^{ik) ' Vt>' — for any (i, k) G r'{m) and Z > 1. 
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Thus, rW{X) is a highest weight module with a highest weight vector cpj'X of highest 
weight A. Then, by Lemma 1.11, we have the surjective homomorphism 

Xr : i?A„(A) rW{\) such that l®vx^ (fr^- 

Wc should show that this homomorphism is an isomorphism, and it is enough to 
show the case where R = Ahj the arguments of specializations. First, we consider 
the case where R = JC. In this case, it is known that ic^n^r is semi-simple, and 
a:A„(A) is irreducible ([W, Theorem 2.16 (iv)]). Thus, Xfc is injective. On the other 
hand, Xjc is obtained from Xyi by applying the right exact functor /C(8)_4?, and the 
restriction of X/c to ^A„(A) coincides with X^. Thus, we have that is injective, 
hence, Xy^ is an isomorphism. □ 

Remark 1.19. Lemma 1.18 was already proved in [W] combined with [DR, Theo- 
rem 5.16] implicitly. However, this identification is important in the later arguments, 
we gave the proof by using the universality. 

1.20. Recall that R=5^n,r has the algebra anti- automorphism and we can consider 
the contravariant functor ® : ^„,r-inod ^„,,-niod with respect to 9n- For 
A e Al„ put rV„(A) = (kA„(A))®.' Then { «A„(A) | A G yl+ J (resp. { rV„(A) | A e 
A^^} gives a set of standard modules (resp. a set of costandard modules) of RS^n,r 
in terms of quasi-hereditary algebras when R is a. field. 

When is a field. Let R^n,r -mod^ (resp. RS^n,r -mod^) be the full subcategory 
of /?.-5^,j,r -mod consisting of modules which have a filtration such that its successive 
quotients are isomorphic to standard modules (resp. costandard modules). 

§ 2. Induction and restriction functors. 

In this section, we give an injective homomorphism of algebras from a cyclotomic 
g-Schur algebra of lank n to one of lank n + 1. By using this embedding, we define 
induction and restriction functors between module categories of these two algebras. 

2.1. From now on, throughout this paper, we argue under the following setting: 

m = (mi, . . . , rrir) such that > n -|- 1 for all A; = 1, . . . , r, 
m' = (mi, . . . , m^-i, m^ — 1) 

(2.1.1) > r 1, r ; 

R'^n+l,r — i?=^+l,r(^n+l,r(m)), 

R'^n,r — _R«^n,r(^n,r(lll'))- 

We will omit the subscript R when there is no risk to confuse. 

Remark 2.2. The choice of m and m' in (2.1.1) is essential when we consider 
an embedding from ^n,r to S^n+i.r, and when we define induction and restriction 
functors by using the embedding. However, we remark that the choice of m and m' 
in (2.1.1) is not essential up to Morita equivalent when we study the representations 
of yn,r and yn+i,r if -R is a field (see Remark 1.4). 
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2.3. We define the injective map 

7 : vl„,,(m') ^ yl„+i,.(m), (A^^), . . . , A^-^'^), A^) ^ (A^^), . . . , A^'-^), A^), 

where A^^^ = (A^'"-', . . . , X^mr-ii -^^^ ^li+iA™) = Ini7, and we have 

Al^,^X^) = {/. = (/.(^), . . . , /.W) e ^„+i,.(m) I = 1}. 

For A G and t G Std(A), let t\ (n + 1) be the standard tableau obtained 

by removing the node x such that i{x) = n + 1, and denote the shape of t\ (n + 1) 
by |t\ (n+ 1)|. Note that x (in the last sentence) is a removable node of A, and that 
|t\(n + l)| = A\a;. 

For A G /l^+i,., G yl^j^^,.(m) and T G %{\,fj,), let T \ {m,.,r) be the tableau 
obtained by removing the node x such that T[x) = {rrir, r), and denote the shape of 
T \ (rrir, r) by \T\ (rrir, r)\. Note that x (in the last sentence) is a removable node 
of A, and that \T \ {rrir, r)\ = \ \x. It is clear that T \ (m^, r) G 7o(A \ x, 7~-^(/i)). 

For A G ^^+1 J. and a removable node x of A, we define the semi-standard tableau 
T,^Gro(A)by 



(2.3.1) T^{a,b,c) 



(a, c) if (a, 6, c) ^ x, 
{rrir, ^) if (q, c) = x. 



From the definitions, we see that G UfieA''^^ (m) ^o{^, A*), and that T^\{mr, r) = T-^^^. 

2.4. Let /C(x) (resp. Ar(x')) be the non-commutative polynomial ring over /C with in- 
determinate variables x = {x{,i^k) I ih^) ^ -^'(j^)} (resp. x' = {x{.i^k) \ (hk) G r"(m')}). 
Note that /^'(m') = r"(m) \ {(m,, — 1,t)}, and we have the natural injective map 
/C(m') — )■ /C(m) such that a;(i^fc) h- )■ X(^i^k) for (^) ^) ^ -r'(m'). Under this injection, 
we regard a polynomial in /C(m') as a polynomial in /C(m). It is similar for /C(y) 
and JC{y'). 

For the polynomials ^^^^^(x'.y') G /C(x') ®^/C(y') (A G vl„,r-(m'), (i,/i;) G r(m')) 
such as in Lemma 1.7, we have the following lemma. 

Lemma 2.5. Le^ A G yl„,,.(m') and {i,k) G r'(m'). For ^f^A ^^(x', y') G /C(x') 0x: 
/C(y') 5itc/i t/iat g^.^i^^{F,E)lx = a^-^^^ in K.'^n,r, we have 

in ]C'^n+i,r- In particular, we can take g'^^^(x',y') as a polynomial gj^^-^ipc^y) satis- 
fying (1.7.1) in K.'^n+l,r- 

Proof. Let l : fc^n,r K'^n+i,r bc the natural injective homomorphism defined by 
Tj_\-^Ti (0 < i < n — 1). Then we have L{Lj) = Lj ioi j = 1, . . . ,n. 

By (1.5.1) and (1.5.2) (see also [W, Lemma 6.10]) we can check that 

t(-E(i,fe)(mA)) = E^i^k){m^{x)), i^{F{i,k){mx)) = F^i^k){m^{\)) ■ 
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These imply that, for g{-x.',y') e /C(x') (gj^; /C(y'), we have 

i(g{F,E){m^)) = g{F,E){m^^^)) 
in jC'^n+i,r- On the other hand, from the definition of (J^j^), we have 

Then we have 



,7(A) 

□ 



Now, we can define the injective homomorphism from S^n,r to S^n+i,r as the 
following proposition. 

Proposition 2.6. T/iere exists the algebra homomorphism t : ^n,r '^n+i,r such 
that 

(2-6.1) ^W^l)^' 1a ^V) 

for {i, k) G r"(m'), / > 1, A G where ^ = J2xeA''_^_^ (m) Ia ^5 ara idempotent 

of yn+i,r- In particular, we have that = i, and that L{S^n,r) ^ C'^n+i,rC, 

where 1^„^ is the unit element of 5^n,r- Moreover, i is injective. 

Proof. If i is well-defined injective homomorphism given by (2.6.1), we easily see 
that i{ls^ri,r) — a-iid that t(^n,r) ^ ^'^n+i,rC- Hcncc, it is enough to show the 
well-dcfincdness and inj activity of l. 

First, we prove the statements for the algebras over /C. In order to see the 
well-definedness of the homomorphism c/c : jcXi.r iC'^n+i,r defined by (2.6.1), 
we should check the relations (1.8.1) - (1.8.8). For the relations except (1.8.6), it is 
clear, and we can check the relation (1.8.6) by Lemma 2.5. 

We show that dim^; iC'^n,r — dimjc lic{ !C'^n,r), then this equality implies that l/c 
is injective. 

For A G ^^^r' ^ be the addable node of A such that x is minimum for the order 
y in the set of all addable nodes of A, and put A = AU x. Thus, we have A G ^^^i^^. 
Note that x is a removable node of A, we can take the semi-standard tableau 
defined by (2.3.1). From the definitions, we see that G To (A, 7(A)). When we 
regard ;c^n+i(A) as an x:-^n,r-iiiodule through the homomorphism lic, we see that 
ifrpx is a weight vector of weight A since iKi^x) — 17(A) and G 7o(A, 7(A)). On the 
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other hand, for (i, k) e r"(m'), we have 7(A) + Q;(i,fc) ^ A since x is minimum in the 
set of all addable nodes of A. Thus, we have 7o(A, ^{X)+a(^i^k)) — 0- This implies that 
E{i,k) ■ ^t} = ^i^"^^ ^(i-A:) ■ V^t| = h{X)+a^i,k)E(i,k) ' ^t} together with (1.17.1), where 
we consider the actions of K.'^n-\-i,r- As a consequence, we see that £"(1,^;) • = 
for any {i^k) G r"(m'), where we consider the action of iC'^n,r through l^q. This 
means that (/9„3; is a highest weight vector of weight A, and x;-^n r-submodule of 

;cA„+i(A) generated by (/^^j is a highest weight module of highest weight A. Thus, 
the universality of Weyl modules (Lemma 1.11) implies the isomorphism 

k;A„(A) = K.'^n,r • <Pt>^ as K;^n,r--niodules 

since x:A„(A) is a simple x;^ra,r-iiiodule. Now we proved that, for each A G /l^f., the 

Weyl module x;A„(A) appears in icAn+i{X) as an j(c=^n,r-submodule through ljc- Note 
that K'^n.r is split semi-simple, the above arguments combined with Wedderburn's 
theorem implies that 

dimx; K'S^n,T = (dim/c /cA„(A))^ = dim/c t/c( AC^n,r)- 

Now we proved that lic is injective. 

By restricting t/c to y^oJ^n.rj we have the injective homomorphism : j\,S^n,r ^ 
^^n+i,r satisfying (2.6.1). In particular, we have M(^^n,r) C C^^n+i,rC- Put 

M(0 = {^xlxy^ I X G y G A g Al+^^,(ni)}, 

M{t = I X G y G ^^++1,,, // G yl„+i,.(m) 

such that // ^ A for any A G vl^^^ ,.(m)}. 

By (2.6.1) and the triangular decomposition of ^<5^n,r, we see that 

(2.6.2) u(^'K,r-) = M(0. 
Moreover, we claim that 

(2.6.3) iA^n+iA = M(0 ©M(^ 0- 
Thanks to the triangular decomposition of ^^n+i,r, we have 

iA-^n+iA = {i^^xyi I G ^=^+1,^, y G ^^„'Vi,r> ^ e yl„+i,r-(m)}. 
Thus, in order to show (2.6.3), it is enough to show that 
(2.6.4) 

ixl^y^ = if /X < A for some A G yl^^i ,.(m) and ^ G yl„+i,r(m) \ yl^^^ ,.(m). 
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Prom the definitions, for /i G An+i^ri''^) \ ^I+i,r(™)' "that Uml > 2 if < A 

for some Al^^^^ini), and we see that Cxlu,y^ = (x e A'^n+i,r, V e ^=K+i,r) if 
/x^^ > 2 from the relations (1.8.1)-(1.8.8). These imply (2.6.4), and we have (2.6.3). 
Put i' = EAe^„+i,.(m)\^;^+,,,(m) 1a, we have l^^„+i,, = C + C'- Then, by (2.6.3), we 
have 

Combining with (2.6.2), we see that the injective homomorphism la '■ A'^n^r A'^n+i,r 
is split as a ^-homomorphism. Thus, by the specialization of la to we have the 
injective homomorphism lr : RS^n,r — ^ R'^n+i,r satisfying (2.6.1). □ 

By (2.6.1) and Lemma 1.16, we have the following corollary. 

Corollary 2.7. When we regard y^^r o.s a subalgehra o/^n+i,r through the injective 
homomorphism l : ^n,r '^n+i,r, the anti-involution 0^ on S^n,r coincides with the 
restriction of the anti-involution 9n+i on ^n+i,r- 

2.8. Prom now on, we regard ^n^r as a subalgebra of S^n+i,r through the in- 
jective homomorphism l : S^n,r '^n+i,r- As defined in Proposition2.6, put 
^ = X^aga^ 1 (m) Ia- Since ^ is an idempotent of J^„+i,r, we see that ^J^„+i,rC 
is a subalgebra of o5^„+i,r with the unit element ^. Thus, ^^n+i,r (resp. ^„+i,rO 
is an (,^^„+i^r,^, ,r)-bimodule (resp. (o^^^+i^^) ^^^n+i.rO'bimodule) by the multi- 
plications. Note that i{S^n,r) C ^S^^n+i^ri and i{l y^^^) = ^, we can restrict the action 
of ^yn+i,ri to yn^r through L. Thus, ^^n+i^r (resp. ^n+i,rO tums out to be an 
(^n,r, ^n+i,r)-bimodule (resp. (=5^„+i,r, ^n,r)-bimodule) by restriction. We define a 
restriction functor Res""^^ : ^n+i,r -mod — >■ =5^„_r -mod by 

Res^^ = Hom^„^,,,(^,+i,,e, ?) = e^n+i,.®^„+i,.?. 
We also define two induction functors Ind^"^^, colnd^"*"^ : =5^„r-mod — > =5^n+ir-mod 

by 

coIndr' = Hom^„,,(e^„+i,„?). 

By the definition, we have the following. 

• Res"'^^ is exact, Ind^^^ is right exact and colnd^"*"^ is left exact. 

• Ind;^+^ is left adjoint to Res;^+\ 

• colnd^"^^ is right adjoint to Res"+\ 

We have the following commutativity with these functors and the contravariant 
functors ® with respect to the anti-involution 9n and 9n+i- 

Lemma 2.9. We have th following isomorphisms of functors. 

(i) ® o Res;^+' ^ Res;^+' o®. 

(ii) ® o Ind;^+^ ^ coInd;^+^ o®. 
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Proof. We claim that 

(2.9.1) Hom^(^„+i,,e, ^) = (e^n+i,r)® as ^„+i,,)-bimodules, 

(2.9.2) Hom,j(e^„+i,„ R) ^ (^„+i,.0® as (=^^+1,,, ^„,,)-bimodules, 

where the {yn,r: =5^n+i,r)-biniodule {^yn+i,r)® is obtained by twisting the action of 
(=5^„+i,r, -^n,r)-bimodule B.omR{^yn+i,r, R) via the anti-involutions 9n and 9n+i- It 
is similar for the (^„_|_i^r, ^n,r)-bimodule (t5^n+i,rO®- We prove only (2.9.1) since 
we can prove (2.9.2) in a similar way. We define a map 

G : RomR{y„+,,rC,R) ^ (^^n+l,r-)® 

by G{ip){^s) = ip{9n+iis)^) for cp e HomR(^„+i,^{, i?) and s G ^n+i,r- We also 
define a map 

H : {^Yn+i^rf ^ HomR(^„+i,,e,i?) 

by H{tp){s^) = ijj{^9n+i{s)) for ■?/' G ('C-^rt+i,r)® and s G o$^n+i,r- Then we can check 
that G and if are well-defined (^n,r; ^n+i,r)-bimodule homomorphisms, and they 
give an inverse map for each other. Thus, we have (2.9.1). 

For M G yn+i,r -mod, we have the following natural isomorphisms 

® o Res;:+^(M) = Hom^(e^„+i,, M, R) 

^ Hom,.^„^,,,(M, Homij(e^„+i,„ R)) 

^ Hom,.^„^, „(M, (yn+iAf) (because of (2.9.2)) 

^Hom,_^„^,^(^„+i,,e,M®) 

= Res;;+^o® (M), 

and this implies (i). 

For N G yn,r -mod, we have the following natural isomorphisms 

® o Ind;:+^(iV) = Romn{yn+iA N, R) 

^ Hom,_^„,,(iV, Hom^(X^+i,re, R)) 

= Rom^„^{N, (e^„+i,,)®) (because of (2.9.1)) 

^Hom,.^„je^„+i,„iV®) 

= coInd;;+'o® (AT), 

and this implies (ii). □ 

The last of this section, we prepare the following lemma for later arguments. 
Lemma 2.10. Assume that R is a field. For A G ^^^j.? '"^^ have 

[Ind^^(A„(A))] = [Ind^^(V„(A))] in i^o(=^n+i,r-mod). 
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Proof. Let {K, R, R) be a suitable modular system, namely Ris a discrete valuation 
ring such that it! is the residue field of R, and K is the quotient field of R such 

that K'^n,i- is semi-simple (e.g. sec [Ml, section 5.3]). Let X be one of K, R or R. 
For A G yl+j,, we see that x^n+i,r^ ®x.-^n,r xA„(A) is generated hy ^ (Pt\T e 
To (A)} as X'Xi+i.r-inodules, and that ^ ipT ioi any T G To (A) since { is 
regarded as the identity element of x-^n,r- Thus, ^^ri+i,rC ®j^^n,r R^n(A) is an 
^=5^„+i,^-submodule of j,yn+i,r^ ^K^u.r K^nW generated hy (pr \ T E %{X)}. 
In particular, ^-5^n+i,r^<H)|j^n,r- R^nW is torsion free, thus it is a full rank i?-lattice of 
K^n+iA'^Kyn,r kA„(A). Similarly, ^^n+i,r^ <8)^^„,. rV„(A) is a full rank i?-lattice 
of K'^n+i,rC ®Kynr K^n{X)- Moreover, by the general theory of cellular algebras, 
we have i^A„(A) = i<:V„(A) since K'^n,r is semi-simple. Then, the decomposition 
map implies 



U=^n+l,rC <H)fl^n,r- iiAn(A)] = [ii^n+l,rC <H)fl^„,. iiVn(A)] in Xo( il=5^n+l,r -mod). 



In this section, we describe filtrations of restricted and induced Weyl modules 
(resp. costandard modules) whose successive quotients are isomorphic to Weyl mod- 
ules (rcsp. costandard modules). 

3.1. It is known that there exists the injective homomorphism of algebras 



We regard 'j^n,r subalgebra of M'n+i,r through . 

3.2. We recaU that, for A G /l^+i^, the Weyl module A„_|_i(A) of ^„+i,r has an 



Wt \T eTo{X,ii) for some fj, G Al_^^^^{m)} 

thanks to (1.17.1). 

Proposition 3.3. Let X G vl+^i^^, A* e yl^+i ,.(m), T G %{X,^x). For{i,k) G r'{m.'), 
we have the following. 



□ 



§ 3. Restricted and induced Weyl modules 



(3.1.1) 



L-^ : J^n,r -^n+hr such that for i = 0, 1, . . . , 71 - 1. 







|S\('"r-,T-)l>|T\("^r,'-)l 






sero(A,M-a(j_j.p 

\S\(mr,r)\>\T\(mr,r)\ 
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Proof. We prove only (i) since we can prove (ii) in a similar way. 

li 11 + ^ yl„+i,,.(m), we have E^i^k) ■ Vt = ^^(i.fe)!^ ■ v^t = by (1.8.2), and 
there is nothing to prove. Thus, we assume that fi + G /l„+i.r(m). Then we 
have E(i^k)-ipT = l^+a(i,k)E{i,k)-^T, and this implies that S li + a(i,k)) if 7^ 

thanks to (1.17.1). Hence, it is enough to prove that 15* \ {mr,r)\ >\T\ (m,.,r)| if 

By [DJM, Proposition 6.3], we can write mj-TX — m^h for some h e J^+i^^- 
Then, by (1.5.1), we have 

E{i,k) ■ fTT^(rnx) = E[i^k){mTT>) 
= E^i^k)(mi,h) 

teStd(A) ^„M+a(i,fc) 

(Note that is the unique standard tableau t G Std(A) such that A(t) = T^.) Since 
/i G /l^^;^ ,,(m) and /i + a(j^fc) G yl„+i,r(m), we have Uml = 1 and /^-^^ > 1. These 
imply Yl'i=i Ia*'^'''! + Zlj=i/^j-^^ < n — 1. Then, from the definitions of x/^^'*^''*'^ and 

(fc) 

^+(i,fc)' ^^^^ ^^^''^'^^l 9^^^''^:r*)^+(i,fc) ^ ^i,r, whcrc wc rcgard 

J^n,r as a subalgebra of =^+1^^ by (3.1.1). Thus, by [AM, Proof of Proposition 1.9], 
we have 

(3.3.1) 

= E ( E ^s^st^) "^od '^+i,r-(> A) (r^ e R), 

teStd(A) seStd(A) 
M(t)=T |s\n+l|>|t\n+l| 

where J^n+i,r{> A) is an i?-submodule of J^n+i,r spanned by {mut, | u, G Std(A') 
for some A' G ^^+1^^ ^^'^^ ^^^^ A' > A}. Since Uml = 1, we see that |t \ n + 1| does 
not depend on a choice of t G Std(A) such that //(t) = T. Then, take and fix a 
standard tableau i' G Std(A) such that //(!') = T, and (3.3.1) imphes 

(3.3.2) E(^i^k) ■ ^TT^{mx) = ^ ^'sfn^ix mod Jifn+iA> A) (^b e R). 

seStd(A) 
|s\n+l|>|t'\n+l| 



Induction and Restriction Functors for Cyclotomic g-Schur Algebras 19 

On the other hand, by a general theory of cellular algebras together with (1.17.1), 
we can write 

E{i,k) ■ Vtt^ = ^ rsifsT^ mod ^„+i,^(> A) {rs G R). 

Thus, we have 
(3.3.3) 

E(i,k) ■ <PTT>^{mx) = 2^ rsmsT^ 

S'e7o(A,/u+a(j_/j)) 

E E Q'^'^'^^^rn,,.) mod ^„+i,,(> A). 

Note that /i + a(j^fc) G Al_^_^^^{m), we can easily check that \S \ {rrir, r)\ = |5 \ n + 1| 
for e 7o(A, /X + Q;(i,fc)) and s G Std(A) such that (/x + Q;(j^j;))(s) = 5". Similarly, we 
have \T \ {mr,r)\ — |t' \ n + 1|. Thus, by comparing the coefficients in (3.3.2) and 
(3.3.3), we have \S\{mr,r)\ > \T\{mr,r) \ if rs j^O. □ 

Now we can describe filtrations of restricted and induced Weyl modules (resp. 
costandard modules) as follows. 

Theorem 3.4. Assume that R is a field, we have the following. 

(i) For X e there exists a filtration of S^n,r-'m'Odules 

Res::+^(A„+i(A)) = Ml D M2 D • • • D Mfe D M^+i = 0, 

such that Mi/Mi+i = A„(A\a;j), where xi,X2, ■ ■ ■ ,Xk are all removable nodes 
of A such that Xi >- X2 >- ■ ■ ■ >- Xk- 

(ii) For X e A^^^^, there exists a filtration of 5^n,r-i^odules 

Resl^\Vn+i{X)) = D 7Vfe_i D • • • D TVi D TVo = 0, 

such that Ni/Ni^i = Vn(A \ Xi), where xi, X2, ■ ■ ■ ,Xk are all removable nodes 
of X such that xi y X2 ■ ■ ■ >~ Xk- 

(iii) For /i e A'^^^, there exists a filtration of S^n+i,r-'i^odules 

Ind^i(A,(/x)) = Ml D M2 D ■ ■ ■ D Mfc D M^+i = 

such that Mi/Mi+i = An+ii/J^UXi), where Xi,X2, ■ ■ ■ ,Xk are all addable nodes 
of fi such that xj. >- x^^i >-■■■>- Xi. 

(iv) For n G A'^^^, there exists a filtration of yn+i,r-i^odules 

coludl+\VM) = iVfe D 7Vfc_i D • • • D TVi D TVo = 
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such that Ni/Ni^i = Vn+i(/xUXj); where Xi, X2, ■ ■ ■ ,Xk are all addable nodes 
of II such that Xk >- Xk-i )^ ■ ■ ■ )^ xi. 

Proof, (i) Until declining, let R be an arbitrary commutative ring. Put 

V(A)= U ro(A,/.). 

Then, Res;^+^(A„+i,^(A)) has an i?-free basis {<^r | T e V(A)}- For T G 77(A), there 
exists the unique removable node a; of A such that T{x) = {mr,r) since Uml — 1- 
Let Xi,X2, ■ ■ ■ ,Xk be all removable nodes of A such that Xi y X2 )^ ■ • ■ y Xk (note 
that the order >z determines a total order on the set of removable nodes of A). Let 
Mj be an i?-submodule of Res^"'"^(A„_|_i(A)) spanned by 

{(fiT I T e 77(A) such that T(xj) — {rrir, r) for some j > i}. 

Then we have a filtration of /^-modules 

(3.4.1) Res;:+^(A„+i(A)) ^ D D ■ ■ ■ D Mj, D Mk+i = 0. 

For T G 77(A) such that T{x-^ = {m,.,r), wc have |T \ (mr,r)| = A \ by the 
definition. Note that \ \xj > \ \xi ii and only if Xj -< Xi (i.e. j > i). Then, for 
S,T e 77(A) such that S{xj) — T{xi) — (m^, r), we have that 

(3.4.2) \ (m^, r)| > \T\ {rrir, r)\ if and only if j > i. 

By Proposition 3.3 and (3.4.2), we see that Mj is an yn,r-submodule of Res^+^(A„_|_i(A)) 
for each i = 1, . . . , k, and the filtration (3.4.1) is a filtration of ^„,r-modules. 
From the definition, Mi/Mi+i has an i?-free basis 

{cpT + Mj+i I T G 77(A) such that r(a;i) = (m^, r)}. 

Note that T^. G 77(A) and T^.{xi) = {mr,r). Let Xi = {a,b,c), and put r = 
A - (a(a,c) + a{a+i,c) + ■ ■ ■ + Oi{mr-i,r))- Then we have T^^ G 7^(A,r). Note that 
■ (Pt^, = lr+a(,- i)^(j,o ■ V'ta is a linear combination of {ifx \ T G To{X, r + a(j,o)}, 
and that 7o(A, r + Q;(j,/)) = unless A > r + a^j^Q. 

If {j, I) >- (a, c), we have -E'(jy) • '/^t^'. = since A ^ r + Q;(jy). 

Assume that {j, I) ^ (a, c), and we have 

(3.4.3) |A(^)| + A» = |(r + a(,,))(^)| + ^^(r + a(,,o)?. 

g=l 6=1 s=l 6=1 

By (3.4.3) together with the definition of semi-standard tableaux, we can easily 
check that S{{a', 6', c')) < (j, I) for any S G 7o(A, r + Q;(i_fe)) and any (a', 6', c') G [A] 
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such that (a', d) >z (j, I)- This imphes that 

(3.4.4) |^\ K,r)| ^ \T^^ \ K,r)| for any S e ro(A, r + 

since (a, c) >z (jj) and T^.{xi) = T^.{{a,b,c)) = (m^,r) > (j,/). 
Thus, Proposition 3.3 (i) together with (3.4.4) imphes 

^(j- • ipTX, e Mi+i for any (j, /) e r'(m'). 

Thus, (/^T-A e Mj/Mj+i is a highest weight vector of weight X\xi as an element 

of the ^„^r-niodule. Thus, by the universahty of Weyl modules (Lemma 1.11), we 
have the surjective i^^„ ^.-homomorphism 

Xr : rA^{X \ Xi) Ryn,r ■ (V'TA + Mi+i). 

Since ^^^^(A \ Xi) is a simple x:-^n,r-niodule, Xjc is injective. Note that Xr is 
determined by Xr{1 ® Vx\x ) = Vt^ + ^i+ii see that X_4 is the restriction of 

to ^A„(A \ Xi). Thus, is also injective, and Xj^ is an isomorphism. Then, 
by the argument of specialization, we have Xr is an isomorphism for an arbitrary 
commutative ring R. 

Assume that i? is a field. Since A„(A \ Xi) = 5^nr ■ {Vt^ + ^i+i) is an S^nr- 
submodule of Mj/Mj+i, we have that A„(A \ xi) = Mi/Mi^i by comparing the 
dimensions of An{\ \ xi) and of Mj/Mj+i. Now we proved (i). 

(ii) is obtained by applying the contravariant functor ® to (i) thanks to Lemma 
2.9 (i). 

Next, we prove (iv). For A G let AI^^-^{\) be an _R-submodule of 

S^n+i,r / '^n+i,r{> A) Spanned by {'{)t^t + -^n+i,r(> A) I T G 7o(A)}. Then, by a gen- 
eral theory of cellular algebras, it is known that AJj_,_^(A) is a right ^„+i^r-submodule 
of ^„+i,r/^„+i,r(> A), and that 

(3.4.5) HomK(Ai+i(A), R) ^ A„+i(A)® ^ V„+i(A) 

as left <5^n+i,r-iiiodules. 

Let — {'^i' A2, • • • , \g} be such that i < j < Xj. By a general theory 

of cellular algebras, we obtain a filtration of {S^n+i,r, =5^+i,r)-bimodules 

'^n+l,r = ^1 D ^2 D • • • D D Jg+1 = 

such that Ji/ Ji+i = A„_,_i(Aj) <^r Al^_^_^{\i). By applying the exact functor Res^''"''' 
to this filtration, we obtain a filtration of {^n,r, =^n+i,r)-biniodules 
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such that CJi/e^i+i = Resl+\A^+i{Xi))®iiAl^^{Xi). By (i), we have that CJi/C^i+i e 
=5^„,r -mod^ for each i = 1, . . . , gf. Thus, by a general theory of quasi-hereditary al- 
gebras, we have a filtration of left ^+i,r-niodules 

(3.4.6) Hom^„,^(e^„+i,„ V„(/i)) = Ng D Ng_, D ■ ■ ■ D N, D = 

such that N,/Ni^i ^ Hom,y„ ,,(eJ»/e^i+i, V„(;u)). 

On the other hand, we have the following isomorphisms as oJ^^+i^^-modules. 

(3.4.7) Hom^„ ,.(e Ji/e J^+i, V„(//) 

^ Hom^„_, (Resr^(A„+i(A,)) ®^ Ai+i(A,), V.(/x)) 

^ Hom^ (Ai+i(A,),Hom.r„,.(Resri(A„+i(A,)), V„(^))) 

Homij(A|'j_,_^(Ai), R) if Aj = /x U for some addable node Xi of n 
otherwise , 

where the last isomorphism follows from a general theory of quasi-hereditary algebras 
(see e.g. [D, Proposition A2.2 (ii)]) together with (i). 

Suppose Xi = fiU Xi and Xj = /jU Xj for some addable nodes Xj, Xj of /i. Then, 
we have that Xi < Xj if and only if Xi -< xj. Thus, by (3.4.6) together with (3.4.7) 
and (3.4.5), we obtain (iv). 

(iii) is obtained by applying the contravariant functor ® to (iv) thanks to Lemma 
2.9 (ii). □ 



§ 4. Some properties of induction and restriction functors 

In this section, we study some properties for induction and restriction functors. 
In particular, we will prove that Ind^"*"^ and colnd^"*"^ are isomorphic. 

From now on, throughout of this paper, we assume that is a field, and that 
Qjfc 7^ for any k = 1, . . . ,r. 

4.1. Schur functors. We recall a definition and some properties of the Schur functor 
from S^n,r-'^od (resp. ^„+i,r-mod) to t^j^,.-mod (resp. J^^+i,,. -mod). Put Un = 
(0, . . . , 0,' (L . . . , 1, 0, . . . , 0)) G yl„,,.(m') and cun+i = G /in+i,r(m). Then, it 

is clear that ikf^" = as right ^,^-modules (resp. M'^"+^ = JK+i,r as right 
J^+i,^-modules). Thus, we have that 'l^„=y„,4^„ = Endjr„,(M'^") ^ J^n,r (resp. 
la,„+i^n+i,rlc.„+i = End^„+,,, (M^^+i ) ^ J^+i,,,) as i?-algcbras. 

Through the isomorphism = la;„^„,rla;„ (resp. J^n+l,r = la;„+i^n+l,rlt^„+i), 

we can define the exact functor, so called Schur functor, fin '■ '^n,r -mod =^,r -mod 
(resp. fln+i '■ =^n+i,r-mod — >• J^n+i,r -T^od) by 

= la;„=K,r<»^„,.? (rCSp. fl^+l = la;„+i=^n+l,r-®.y„+i,r?) ■ 

It is well known that Q„ (resp. fln+i) is isomorphic to the functor Homjp^^^ («^n,rlw„, ?) 
(resp. Hom^„^,^^(=5^„+i,4^„^,, ?)). 
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We also define the functor : Mn,r -mod — > y^^r -mod (resp. $n+i '■ '^n+i,r -mod — > 
^„+i,r-mod) by 

*n = Hom^„_^(l^„^„,^, ?) (resp. = Hom^„^,^^(l^„^,^„+i,^, ?). 

Then, (resp. $n+i) is the right adjoint functor of Q„ (resp. Jln+i), and that 

(4.1.1) o = Idf (resp. ^In+i o $„+i = Id„^i), 

where Id;f^ (resp. Idj^^) is the identity functor on J^^^-mod (resp. on J^+i^^-mod) 
(see e.g. [ASS, I. Theorem 6.8]). 

Let -proj (resp. S^n+i,r -W^']) be the full subcategory of -mod (resp. 
^„+i,r-mod) consisting of projective objects, and /„ : ^^^^-proj — )■ ^„,,.-mod (resp. 

: =^+i,r -proj — > =5^+i,r -mod) be the canonical embedding functor. Thanks to 
the double centralizer property between S^n,r (resp. ^„+i,,.) and ,^n,r (resp. ,5^n+i,'r) 
(see e.g. [Ml, Theorem 5.3]), an adjunction between VLn and (resp. ^n+i and 
$„+i) implies the isomorphism of functors 

(4.1.2) o Q„ o 7„ ^ Id„ o4 (resp. o o 7„+i ^ Id„+i o7„+i) 

by [Rl, Proposition 4.33]. 

Note that the isomorphism l^„e5^n,rla;„ = -^.r (resp. la;„+i^„+i,rlt^„+i = =^+i,r) 
is given by (/? i->- ip{m^^) (resp. </? i->- </7(m£j„_^j)), we have the following lemma. 

Lemma 4.2 ([W2, Proposition 6.3]). 

(i) Under the isomorphism — ^uj„'^n,Auj„, we have 

Tq lai„-^(mr-i,r— l)-S'(mT._i,r-— l)la)„ "I" Qr^uini 

Ti = 1,„F(,,,)£;(,,,)1,„ - q-H^^ (1 < i < n - 1). 

(ii) Under the isomorphism J^n+i,r — ^ui„+i'^n+i,Au}n+i) have 

Tq — luj„_|_i-F'(m^_i,r-l)-E'(mr-i,r--l)la;„+i + Qr^Un+n 

Ti = la,„+i-F(j,r)£;(^_r)la;„+i - ?~^la;„+i (1 < « < - 1), 

— lc<j„+i-^(mr--i,r) ■ ■ ■ -^(n+l,r)-^(n,r)-£'(n,r)-E'(n+l,r) ■ ■ ■ -£'(mr-— l,r) la)„+i ~ ? ^Wn- 

By Proposition 2.6 and Lemma 4.2, we have the following corollary. 
Corollary 4.3. The restriction of i : S^^^j. — > =i^n+i,r- — Iwn'^n.r-lwn coincides 

with : J^n,r '^n+l,r- 

4.4. Let '^Res^^^ : .^+1,^ -mod — )■ .^^^ -mod be the restriction functor through the 
injective homomorphism f^. We define the induction functor ■^Ind^^ : J^^^-mod ^ 
JC+i,r-mod by ■^Ind"''"^ = =^+i,r®jr„,^?- Since (resp. J^n+i,r) is asymmetric 
algebra by [MM], ■^Ind^'*"^ is isomorphic to the functor Homj^^^(J^+i^r, ?) (see [S, 
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Lemma 2.6]). Thus, we see that -^Res^^^^ and ■^Ind^+^ are exact, and ■^Ind;^+^ is 
left and right adjoint to '^Res""'"^. 

Recall the ant i- involution * on ^^n.r (rcsp. J^n+i,r), and we consider the con- 
travariant functor ® : J^n,r -T^od J^n,r-^od (resp. ® : J^+i^^-mod J^+i^^-mod) 
with respect to *. Then, we have the following lemma. 

Lemma 4.5. We have the following isomorphisms of functors. 

(i) ® oQn = ® {resp. ® o n^+i = Cln+l o ®). 

(ii) ® o ^^Res^J+i ^ ■^Res;^+^ o®. 

(iii) ® o ^lnd;j+' ^ ■^Ind;^+^ o®. 

Proof. We can prove that 

(4.5.1) RomR{l^^y,,^r,R) = {ynA^nf as jr,,,)-bimodules 

in a similar way as in (2.9.1). 

For M e J^n,r -mod, we have the following natural isomorphisms 

® o Q„(M) = Homj?(l^„^„,, M, R) 

^ Hom^„,,(M, Hom«(l,„^„,„ R)) 

^ Hom^„_^(M, (^„,4a.J®) (because of (4.5.1)) 

-Hom^„,,(^„,,l.„,M®) 

^Q„o®(M), 

and this implies (i) (it is similar for Qn+i)- 

The anti- involution * on J^n,r is the restriction of the anti-involution * on J^n+i,r- 
Thus, we obtain (ii). 

For M e J^n,r -mod, we have the following natural isomorphisms 

® o ^Ind;:+HM) = HomR(^„+i,, M, R) 

^ Hom^„^,(M,HomR(^,+i,,.i?)) 
-Hom,^„,,(M,^„®J 
^Hom._^„_^(^„+i,„M®) 
^ ^lnd;;+io® (M), 

and this implies (iii). □ 

We have the following commutative relations for restriction, induction and Schur 
functors. 

Proposition 4.6. We have the following isomorphisms of functors. 

(i) Q„ o Res;^+' ^ •^Res;:+' oQ„+i. 

(ii) coInd;:+^ ^ o -^Ind^^ 
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Proof. By Proposition 2.6 and Corollary 4.3, we see that 

l^n+i as «^^,r)"biniodules. 

For M e yn+i,r -mod, we have the following natural isomorphisms 

fin o Res;:+HM) = Hom^„,,(^„,4.„, Res^^(M)) 
= Hom,.^„^,,(lndri(X,4.J, M) 
= Hom^„^,_^(j?^„+i,,e ^n,rl..„, M) 

^ ^Res:::+i ( Hom^„^,,,(^„+i,4a.„+i, M)) (because of (4.6.1)) 
= ^Res::+^on„+i(M), 

and we obtain (i). 

We easily see that colnd"^^ (resp. ^n+i ° "^Ind^^^) is right adjoint to 
fin o Res""*"^ (resp. "^Rcs"^^ ofl^+i). Then, by the uniqueness of the adjoint functor 
together with (i), we obtain (ii). □ 



4.7. The rest of this section, we will prove the isomorphism of functors Ind" = 
colnd^^^. Our strategy is using the good properties for standard and costandard 
modules of quasi-hereditary algebras. For ^^^^-niod'^, we have the following two 
lemmas. 

Lemma 4.8. For M,N,L & ^^^j.-niod'^, and an exact sequence 

0^ N ^ M ^ L^O 



as S^n,r -"modules, we have the exact sequence 

^ Ind;:+'(A^) ^ Ind;:+'(M) ^ Ind;:+'(L) ^ 0. 

Proof. By applying the functor ® to this sequence, we have the exact sequence 
Q ^ L® ^ M® ^ N® ^ Q. Since C^n+i,r e and L® e ^n,r-mod^, we 

have Ext^^^(^^„+i,^,L®) = by [D, Proposition A2.2]. Thus, we have the exact 
sequence coInd;^+^(L®) ^ coInd^+^(M®) ^ coInd^+^(A^®) ^ 0. By applying 
the functor ® to this sequence together with Lemma 2.9 (ii), we have the exact 
sequence ^ Ind;^+^(Ar) ^ Ind;;+^(M) ^ Ind;^^^^) ^0. □ 

Lemma 4.9. For M e ^„^j.-mod^, we have the following. 

(i) dimInd;^+^(M) >dimcoInd;^+^(M). 

(ii) dim ■^Ind;^+^ oQ„(M) > dimQ„+i o coInd;^+^(M). 

Proof. By Lemma 2.10, we have that dimInd;^+^(A„(A)) = dimInd;^+^(Vn(A)) for 
A e yl+,. Since Ind;:+^(V„(A)) ^ Ind;:+^(A„(A)®) ^ ®ocoInd;^+^(A„(A)) by Lemma 
2.9 (ii)^ we have that dimInd;^+^(A„(A)) = dimcoInd;^+^(A„(A)). 
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Since M e o^„^r-mod^, we can take a exact sequence 

(4.9.1) 0^Ni^M^N2^0 such that A^i, e ^„,^-mod^ . 
By Lemma 4.8, we have the exact sequence 

^ lndl^\Ni) In<+^(M) ^ lnd';^+\N2) 0, 

and we have 

(4.9.2) dim Ind;;+^ (M) = dim Ind;^+^ (TVi) + dim Ind;^+^ {N2) . 

On the other hand, by applying the left exact functor colnd^"^^ to the se- 
quence (4.9.1), we have the exact sequence — >■ coInd"'^^(A^i) — >■ coInd^''"^(M) — >■ 
coInd^"'"^(A^2), and we have 

(4.9.3) dimcoInd;^+^(M) < dimcoInd;;+^(iVi) + dimcoInd;^+^(iV2). 

By the induction on the length of A- filtration of M, (4.9.2) and (4.9.3) imply (i). 
By a similar way as in (i), we can prove that 

(4.9.4) dimQ„+i o Ind^+^(M) > dimQ„+i o coInd^+^(M). 

On the other hand, it is known that f2„(A„(A)) is isomorphic to the Spccht module 
defined in [DJM]. Thus, by Theorem 3.4 (iii) and [AM, Cororally 1.10], we have 

dim ^Ind;^+^ oQ„(M) = dimQ„+i o Ind;j+^(M). 

Combining this equation with (4.9.4), we obtain (ii). □ 

We prepare the following general results. 

Lemma 4.10. Let , he finite dimensional algebras over a field, I : ^ -pro] — >■ 
^ -mod be the canonical embedding functor, and F, G be functors from -mod to 
^-mod. Then we have the following. 

(i) If F is a right exact functor, the homomorphism of vector spaces 

Hom(F, G) Hom(F o I,G o I) given by v ^ vlj 
is an isomorphism. 

(ii) Assume that F and G are right exact functors. IfFoI = GoI, we have 
F^G. 

(iii) Assume that ^ is a quasi-hereditary algebra, and let : -mod"^ — > 

-mod be the canonical embedding functor. If F is a right exact functor, 
the homomorphism of vector spaces 

Hom(F, G) Hom(F oI^,Go I^) given by u ^ uIja 
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is an isomorphism. 

Proof. We can prove (i) and (ii) in a similar way as in [S, Lemma 1.2]. We prove 
(iii). 

Since any projective ^-module is an object of ^ -mod , we have 7^ o 7 = 7, 
and we have the following commutative diagram. 

Hom(F, G) '-^ ^ Hom(F oI^GoI) 



Hom(F o 7^, G o 7^) 

By (i), Hom(F, G) Hom(F o 7, G o 7) is an isomorphism. We can also prove that 
Hom(F o 7^, Go 7^) — > Hom(F o 7, G o 7) is an isomorphism in a similar way. Thus, 
the above diagram implies (iii). □ 

4.11. Let 7^ : ^„^r-iiiod^ — ?> S^n,r -^od (resp. 7j : ^„^f.-mod^ — ?> ^„^r-iiiod) be 
the canonical embedding functor. Then, we have the following proposition, which 
is a key step to prove the isomorphism Ind""*"^ = colnd"'''^. 

Proposition 4.12. We have an isomorphism of functors 

lndT'oI^^coln<C'oI^. 
Proof. By Proposition 4.6 (ii) and (4.1.1), we have 

o coind::+^ o$„ ^ o o ■^ind::+^ 
^ ^ind::+^ 

These isomorphisms together with (4.1.2) imply that 

^Ind^^ oQ„ o 7„ ^ o colnd^^ o$„ o Q„ o 7„ 

(4.12.1) 

= J^n+iocoInd::+^o7„. 
Thus, there exists a functorial isomorphism 

u : ^Ind::+^ o 7„ ^ Q^+i o colndZ''' o7„. 
Since ■^Ind^'*'^ oO„ is an exact functor, there exists the unique morphism 

u : ■^Ind^'^^ oQ„ o colnd""^^ such that ulj^ = u 

by Lemma 4.10 (i). 

We prove that i/l/A : -^hid^^ oVtn o 7^ — )■ Vtn+i o colnd^^^ ol^ gives an isomor- 
phism of functors. Note that the global dimension of 5^n,r is finite since 5^n,r is a 
quasi-hereditary algebra. Thus, for any M e -mod"^, we can take a projective 
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resolution 



such that k is equal to the projective dimension of M (denoted by pdimM). By an 
induction on pdimM, we prove that z/1/a(M) is an isomorphism. 

When pdim M — 0, we have i/(M) = u{M) since M is projective. Thus, i/(M) 
is an isomorphism. 

Assume that pdim M > 0. For the short exact sequence 

(4.12.2) ^ Ker do ^ ^0 ^ M ^ 0, 

we have that Kerrfg G .^„^,. -mod"^ by [D, Proposition A2.2 (v)]. Moreover, wc 
have pdimKerdo < pdimM — 1. By applying the functors F := '^Ind^^^ of2„ and 
G :— o colnd""^^ to (4.12.2), we have the following commutative diagram 



F{KeTdo) F(Po) F{M) 



i^(Kerdo) 







G'(Kerdo) G'(Po) 



i/(M) 



such that each row is exact. Note that //(Kerrfo) (resp. z^(Po)) is an isomorphism 
by the assumption of induction (resp. the fact Pq is projective). Then, the above 
diagram implies that i/(M) is injective. Thus, i/(M) is an isomorphism by Lemma 
4.9 (ii). Now we proved that i/l/A gives the isomorphism 

(4.12.3) ^Ind^^ on^ o - o colnd^^ ol^. 

Next, we prove that uljv : ■^Ind^^^ ofi^ o / J — )■ fln+i ° colnd^^^ o/J gives an 
isomorphism of functors. By [D, Proposition 4.4], for N e ^^^^-mod^, we can take 
the following exact sequence 



d' 



such that Tj is a (characteristic) tilting module, and that Kerd- G .5^„^r-mod^ 
for each i = 0, . . . ,k. By applying the functors F :— -^Ind^"^^ oQ„ and G :— 
fln+i ° colnd^"*"^ to this exact sequence, we have the following commutative diagram 



P(Ti) 
G{T^) 



- F{To) 
-G(To) 



^F{N) 

u(N) 

^G{N) 
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such that each row is exact. (The exactness of the second row comes from the fact 
^^n+i,r G ^n,r -mod^ and Ker d'^ G S^n,r -mod^ thanks to [D, Proposition A2.2 (ii)] .) 
We already proved that z/(Ti) and /^(Tq) are isomorphisms since To, Ti G S^n.r -mod"^. 
Thus, the above diagram imphes that t^(iV) is an isomorphism. Now, we proved that 
z/l/v gives the isomorphism 

(4.12.4) -^Ind^^ oQ„ o 7j ^ Q„+i o colnd^^ o/J. 

Note that ® o /J o (g o ^ we have 

^Indr^oQ„o7„^ 

^ ^Ind;:+' oQ„ o ® o /J o (D o 7^ 

^ ® o -^Indl^^ oQ„ o 7j o ® o Lemma 4.5) 

^ ® o Q„+i o coInd::+' o/J o ® o (•.• (4.12.4)) 

^ fi„+i o Ind^+^ o ® o/J o ® o (•.• Lemma 4.5 and Lemma 2.9) 

- o Indr^ ol^. 

Combining these isomorphisms with Proposition 4.6 (ii), we have 

(4.12.5) coInd;:+^ o$„ o o ^ o ^Ind^^ ofi„ o 

^$„+iof]„+ioIndr^ o/^. 

Note that o 7„ = 7„, and that the functor Ind^"*"^ preserves projectivity since 
Ind""*"^ has an exact right adjoint functor Res^"^^. Then, (4.12.5) together with 
(4.1.2) imphes 

Ind^^o4^coInd^io/„. 
From this isomorphism, we can prove that 

Indr ^ ol^ - colndr ^ ol^ 

by using Lemma 4.8 and Lemma 4.9 (i) in a similar way as in the proof of (4.12.3). 

□ 



4.13. By Theorem 3.4 (iii) and Lemma 4.8, we see that Ind"+^(M) G ^n+i^^-mod"^ 
for M G ,5^„,^-mod^. Thus, Ind;^+^ o/^ ^ coInd;^+^ o7^ gives a functor from 
.y^^r-mod^ to -mod^. On the other hand, by Theorem 3.4 (i), Res""*^^ °In+i 

gives a functor from S^n+i,r -mod"^ to S^n,r -mod"^. Moreover, we see that Ind^'^^ ol^ 
is left and right adjoint to Res^"*"^ °^n+i- This adjunction induces the following the- 
orem. 
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Theorem 4.14. We have the following isomorphism of functors 

ind;:+^ ^ coind;:+^ . 

Proof. By the uniqueness of the adjoint functor, it is enough to show that Ind""^"*^ is 
right adjoint to Res"^^ since colnd""*"^ is right adjoint to ResJ^^^ 

Put F = Ind^+^ and E = Res^+^ Since F o is right adjoint to F o /^^^, 
there exist the morphisms of functors e : E o o F o — )■ Id„ o/^ (unit) and 
rj : Id„+i o/;f^i ^ FoI^oEoI^_^^ (counit) such that {elEoi^^^)°{'^Eoi^^J]) = ^Eoi^_^^, 
and that {Ipoi^s) o (rjlpoi^) = Ipoi^, where we regard the functor Id„o/^ (resp. 
Id„+i o/^i) as the identity functor on ^„_r-niod^ (resp. =5^„+i,r-niod^). Note that 
o F o ^ F o etc., we can write simply as e : E o F o ^ Id„ ol^ and 
rj : Id„+i o7^^^ F o E o /^^^ such that 

(4.14.1) {elEh^Jo{lp^) = lpl,.^^, 

(4.14.2) {lFe)o{^lplj^) = lpli^. 

By Lemma 4.10 (iii), there exist the morphisms of functors 

£-. EoF ^ Idn, f] : Idn+i ^ FoE 
such that elrA —e and nlrA —rj. Moreover, we have 

{{sIe) o {lE^))h^^^ = {{sIe) O {lEVMh-^, ° h-J 
= {elEliAjo{lEr]ljAj 



(4.14.3) 



n+1 



Similarly, we have 



{{Ips) o {r]lF))liA = (1f£1/a) o (rilpliA) 
(4.14.4) =(1^5)o(^1^1,a) 

= 1f1/a. 

By (4.14.3) and (4.14.4) together with Lemma 4.10 (iii), we have 

(eIe) o (lErj) = 1e, {Ips) o {rjlp) = If, 

and F is right adjoint to □ 
Now we have the following properties of induction and restriction functors. 

CoroUeiry 4.15. We have the following. 

(i) Res^"^^ and Ind""*"^ are exact. 

(ii) Ind^'*'''^ is left and right adjoint to Res^"^"*^. 
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(iii) There exist isomorphisms of functors 

Res^^^ o® ^ ® o Res;:+\ Ind;;+^ o® ^ ® o Ind;^+^ . 

(iv) There exist isomorphisms of functors 

Proof, (i) and (ii) are obtained from the definitions and Theorem 4.14. (iii) is 
obtained from Lemma 2.9 and Theorem 4.14. The first isomorphism in (iv) is 
Proposition 4.6 (i). By (4.12.1) and Theorem 4.14, we have 

Qn+i o Ind::+^ o7„ ^ ^Ind::+^ oQ„ o 7„. 

Thus, by Lemma 4.10 (ii), we have Qn+i o Ind;^+^ ^ •^Ind^+^ □ 

§ 5. Refinements of induction and restriction functors 

In this section, we refine the induction and restriction functors which are defined 
in the previous sections. As an apphcation, we catcgorify a Fock space by using 
categories =5^„,r -mod (n > 0) . 

Throughout this section, we assume that i? is a field, and we also assume the 
following conditions for parameters. 

• There exists the minimum positive integer e such that 1 + (g^) + {q^Y + • • • + 

(g2)--l = 0. 

• There exists an integer Si E Z such that Qi = (g^)*' for each i — 1, . . . ,r. 

Thanks to [DM, Theorem 1.5], these assumptions make no loss of generality in 
representation theory of cyclotomic g-Schur algebras. 

We also remark that ^n,r -mod docs not depend on a choice of m = (mi. ■ ■ ■ . m,,.) G 
Z>Q such that ruk > n for any A; = 1, . . . , r up to Morita equivalence (see Remark 
1.4). Then, for each n, we take suitable m and m' to consider the induction and 
restriction functors between yn,r -mod and S^n+i,r -mod as in the previous sections. 

5.1. For X = (a, b, c) G Z>o x Z>o x {1, . . . , r}, we define the residue of x by 

res(x) = (g^)''-"Qc = (g^)''""+'=. 

For X G Z>o X ^>o X {1; • • • ; t^}, we say that x is i-node if res(a;) = (g^)*, where we 
can regard i as an element of Z/eZ since (g^y+fee _ (g2y /c G Z from the 

assumption for parameters. We also say that x is removable (resp. addable) i-node 
of A G A'^^, if x is i-nodc and removable (resp. addable) node of A. 

For A G put r(A) = (ro(A), ri(A), . . . , re-i(A)) G Z|o, where ri{X) is the 

number of i-node in [A] . Then it is known that the classification of blocks of =5^„_r 
in [LM] as follows. 

Theorem 5.2 ([LM]). For X,/! G /l^^, A„(A) and A„(/x) belong to the same block 
of yn,r if and only if r{\) = r(/x). 
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5.3. Put 

Rn,e = {a = (oo, ai, . . . , Oe-i) €^"^10 = r(A) for some A e ^n,r}- 

Then we have a bijection between R^^e and the set of blocks of by Theorem 5.2. 
By using this bijection, for a = (ao,ai, . . . ,ae-i) G such that X]^=o% ~ 
define the functor la : o5^n,r -mod 5^n,r -mod as the projection to the corresponding 
block if a e Rn,e^ and if a ^ Rn,e- 

We define a refinement of Res^"*"^ and Ind""*"^ as follows. For % e "L/eL, put 

i-Res^^= l„_ioRes^^ol„, 
i-Indr^= o Ind^^ ol„, 

where a ± i = (ao, . . . , a^-i, ± 1, a^+i, . . . , ag-i) for a — (ao, . . . , fle-i) ^ Then, 
we have Res^^ = 0^^^/^^ ^ -Res^ ^ and Ind^^ = 0,^^^^^^ i -Ind^ ^ From the 
definition together with Theorem 3.4 and Theorem 4.14, we have the following 
corollary. 

Corollciry 5.4. 

(i) For \ e ^n+i,r> there exists a filtration of 5^n,r-fnodules 

i-Resl+\An+^{X)) = MiD M2D ■■■D MkD M^+i = 0, 

such that Mi/Mi^i = A„(A \ Xi), where xi,X2, ■ ■ ■ ,Xk are all removable 
i-nodes of A such that Xi >~ X2 >~ ■ ■ ■ >~ Xk- 

(ii) For II G A^^^, there exists a filtration of J>^n+i,r-fnodules 

i-Indl+\AM) = Ml D M2 D • • • D Mfe D M^+i = 

such that Mj/Mj_|_i = An+i{n U Xi), where Xi,X2, ■ ■ ■ ,Xk are all addable 
i-nodes of /i such that x^ >- Xk-i )^ ■ ■ • y Xi. 

5.5. Put s = (si, S2, . . . , Sr). The Fock space with multi-charge s is the C-vector 
space 

ns]- c|A,s) 

with distinguished basis {|A, s) | A e n e Z>o} which admits an integrable sle- 
module structure with the Chevalley generators acting as follows (cf. [JMMO]): for 

i e Z/eZ, 

ej-|A,s)= ^ \ii,s), /i-|A,s)= \ii,s). 

fj.=X\x fj,=XUx 
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5.6. Put 

i-Res= i-Res;^+\ i-Ind= i-Ind;^+\ 

Since i-Res and i-Ind are exact functors from ^^>q -mod to itself, these func- 
tors imply the well-defined action on C®zi^o(©„>o -^n,r -mod). Thanks to Corollary 
5.4, for A e yl^^, we have that 

i-Res-[A„(A)]= Yl i^n-M i-Ind.[A„(A)]= J] [^n+M]- 

res(x) = (q2)i ies(x) = (q'^)' 

Note that {[A„(A)] | A G A^j.,n G Z>o} gives an C-basisof C(8)ziiro(0^>Q^„,r-mod). 
Then, we have the following corollary. 

Corollary 5.7. The exact functors i-Res and z-Ind (i G Z/eZj give the action of 
slg on C (8>z -K^o(©„>o ^n,r -Kiod), where i-Res (resp. i-lnd) is corresponding to the 

action of the Chevalley generators Ci (resp. fi) of sle- Moreover, by the correspon- 
dence [A„(A)] 1-^ |A, s) (\ G ^;t,r)"' ^ '^>o) of basis, C (g)z Xo(0^>o^„,^-mod) is 

isomorphic to the Fock space J-'[s] as slg-modules. 

Remarks 5.8. (i). The results in this section do not depend on the characteristic 
of the ground field R, namely depend only e and the multi-charge s = (si, . . . , s^)- 
(ii). By the lifting arguments from the module categories of Ariki-Koike algebras as 
in [S, Section 5], we obtain the slg-categorification in the sense of [R2] in our setting. 

§ 6. Relations with category O of rational Cherednik algebras 

In this section, we assume that R = C We give a relation between our induction 
and restriction functors for cyclotomic g-Schur algebras and parabolic induction and 
restriction functors for rational Cherednik algebras given in [BE]. 

6.1. Let T-Ln,r be the rational Cherednik algebra associated to &n ix {'Z/rZy^ with 
the parameters c (see [Rl] for definition and parameters c), and On^r be the cat- 
egory O of ■Hn,r defined in [GGOR]. In [GGOR], they defined the KZ functor 
KZ„ : On^r ~^ -^n.r -mod. Then (9„ j. is the highest weight cover of ^^n,r -mod in the 
sense of [Rl] through the KZ functor. In [Rl], Rouquier proved that On,r is equiv- 
alent to 5^n,r -mod as highest weight covers of -mod under some conditions for 
parameters. 

6.2. Let ^Ind^"^^ (resp. "^Res^^^) be the parabolic induction (resp. restriction) 
functors between and defined in [BE]. Then, we have the following 
theorem. 

Theorem 6.3. Assume that On,r (resp. On+i.r) is equivalent to -mod (resp. 
•^n+ijr- -modj as highest weight covers of Jifn,r-^od (resp. -mod^. Then, 

under these equivalences, we have the following isomorphisms of functors: 

'^Res;;+^ ^ Resl+\ '^Ind^^^ ^ Ind^^^^ . 
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Proof. Let : On,r =5^,r-mod be the functor giving the equivalence as high- 
est weight covers of J^n,r -i^od. Then, we have that KZ„ = fi„ o G„. Let : 
J^^^-mod — )> On,i- be the right adjoint functor of KZ„. Then, we have that = 
0„ o by the uniqueness of the adjoint functors. It is similar for the equivalence 

©n+l ■ On+l,r ~^ ^+l,r "Hiod. 

By Corollary 4.15 (iv) and [S, Theorem 2.1], we have that 

l^^oRes^^- ^Resr^on^+i 

(6.3.1) ^ -^Res^^+ioKZ^+ioe-ji 

-KZ„o'^Res::+^oe;|,. 

Recall that : 5^n+\,r -proj — > -mod is the canonical embedding functor. 

Then, (6.3.1) together with the isomorphism = o ^„ imphes that 

(6.3.2) $n o On o Res^^ o4+i ^ e„ o *n o KZ„ o ^Res^^ oG^ji o J.+i. 

Since Res^^^ (resp. '^Res^"'"^) has the left and right adjoint functor Ind""*"^ (resp. 
^Ind^+^) by Corollary 4.15 (ii) (resp. [S, Proposition 2.9]), Res;^+^ (resp. ^Res^^^^) 
carries projectives to projectives. Moreover, $„ o f2„ = Id^ (resp. ^„ o KZ„ = ld„) 
on projective objects by properties of highest weight covers (see [Rl, Proposition 
4.33]). Thus, (6.3.2) implies that 

(6.3.3) Res^i o^+i ^ 6, o ^Res;:+^ oQ^l^ o 4+i 

Since both Res""*"^ and ©„o '^Res^'^^ °0n+i exact, (6.3.3) together with Lemma 
4.10 (ii) implies that 

Resr^-©„o^Resr^o©;^,. 
By the uniqueness of adjoint functors (or by a similar arguments), we also have 

indr^-e.+io^indr^oG;;. 

□ 
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